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Introduction
Let p be a large prime number and T a divisor of p−1. Let λ be an element of multiplicative order T , that is, λ = g (p−1)/T for some primitive root g modulo p. where a is an integer coprime to p, and X and Y are arbitrary subsets of the residue ring Z p−1 with |X| and |Y| elements correspondingly. Particular cases of this sum are well known and are proved to be very important in many applications, see the recent works [1, 2, 4, 5, 7, 8, 15] for a detailed description and the latest progress on this topic, and see also the extensive references therein.
In the present paper, we introduce a new argument for estimating the general sum W a (γ; T ; X, Y). We obtain a sharp estimate, which, in particular cases, improves many previously known bounds. The following statement is the main result of our paper.
Theorem 1.1. The inequality
holds.
Throughout the paper the implied constants in the Landau symbol "O" as well as in the Vinogradov symbols " " and " " may depend on the small positive quantity ε, which we allow to take different values at different points of argument.
Some corollaries
Based on the work [4] , Friedlander and Shparlinski [8] proved, for the sum
the bound
, then this estimate provides a nontrivial upper bound for S a (X, Y). holds.
Indeed, in Theorem 1.1 the sets X and Y are arbitrary in Z p−1 . We shift the set X by kT with 1 ≤ k ≤ (p − 1)/T and take X to be the union of these sets. Analogously we
Therefore, the estimate of Theorem 1.1 takes the form
whence Corollary 2.2. In particular, taking γ(n) ≡ 1, for W a (T ; X, Y) we obtain a nontrivial estimate beginning with T > p 1/2+ε (provided that X and Y are dense in the sense mentioned above).
Another important example is the sum
In [4] , the bound
has been proved. Corollary 2.2 provides us with a stronger estimate. [3] . Although the results given here do not apply in as wide a range as do those in [2] , they seem to be sharper in the ranges where they do apply.
Main statement
For a given divisor
are relatively prime to (p − 1)/d. The statement of Theorem 1.1 is actually contained in the following lemma.
The idea of the proof is to try to express y as a product of two integers, y = uv, where u can be big, while v is bounded by a relatively small parameter. Then we first apply the Cauchy-Schwarz inequality to the sums over x and u, and then extend the summation over x to the whole range 1 ≤ x ≤ p − 1. The crucial idea is that it is possible to remove from λ dxuv the "big variable" u and replace λ dxuv by x tdv , where t = (p − 1)/T .
Since tdv is designed to be relatively small, then application of the Weil bound for the rational trigonometric sums will lead us to the desired estimate.
Proof of Lemma 3.1. Let be an integer, p ε/4 < < p 1/4 . Denote by V the set of the first positive integers, which are relatively prime to (p − 1)/d. By the Eratosthenes sieve the number of integers in any given interval of length h which are relatively prime to m is
where φ(n) is the Euler function and ω(m) is the number of prime divisors of m. There- 
is exactly equal to = |V|. This follows from the fact that once v is fixed then u is determined uniquely.
We replace λ by g t , where t = (p − 1)/T , and consider the sum Since the number of solutions of the congruence (3.4) is equal to |V| for any fixed y ∈ L d ,
Therefore, setting
we see that
Applying the Cauchy-Schwarz inequality to the sums over x and u, and then extending the summation over x to the range 1 ≤ x ≤ p − 1, we obtain
If (n, p − 1) = d, if x runs through Z p−1 , and if z runs through the reduced residue system modulo p, then g nx and z d run the same system of residues modulo p (including the multiplicities). Since (du, p − 1) = d, then
(3.11)
The most inner sum is equal to p − 1 when v 1 = v 2 and, according to the Weil estimate, is bounded by
and
From (3.4) it follows that
Besides,
Putting all the above inequalities together, we obtain
we finish the proof of the lemma.
We will suppose that T ≥ p 9/2+4ε |X| −2 |Y| −2 , as otherwise the estimate of Theorem 1.1 becomes trivial. In particular, T ≥ p 1/2+4ε .
For a divisor d | p − 1 we denote by L d the set of integers y with dy ∈ Y and (dy, p − 1) = d. Then
where
we use the trivial estimate
For d < Tp −1/2−ε/2 we apply the bound of Lemma 3.1:
Using these bounds in (4.1) and noting that τ(p − 1) p ε/2 we obtain the estimate 4) whence, due to the inequality T ≥ p 9/2+4ε |X| −2 |Y| −2 , we conclude that
Theorem 1.1 is proved.
Concluding remarks
Let k be a fixed positive integer. The application of our method to the sum This can be compared with the previously known bound
see [4, 8, 9] .
From (5.2) it also follows that for the sum
we have the bound
This is a generalization of Theorem 1.1.
The proof of inequality (5.2) follows the same lines of the proof of Theorem 1.1, with the only difference that the bounds (3.14) and (3.15) are now replaced by
with r = k and r = 2k.
Note that the left-hand sides of (3.15) and (5.7) can be related with congruences.
The variables v 1 and v 2 are relatively small. In some special cases the number of solutions of these congruences can be estimated using Karatsuba's bound of Kloosterman sums in short intervals, see [13, 14] .
We believe that some improvement can be obtained for almost all primes p. To do this a character sum estimate in short intervals for almost all the moduli can be applied, see our work [10] , and also [11, 12] . It should be pointed out that this special sum was investigated by Cochrane and Pinner [6] . Their bound can be used instead of the one of Weil. However, it seems that it improves neither our range for T nor our estimates.
